In this work, we consider the Cauchy problem of the generalized Dullin-Gottwald-Holm equation. We establish a blow-up result for the generalized Dullin-Gottwald-Holm equation. In addition to this, we investigate the stability of solitary wave solutions of the equation.
Introduction
The nonlinear evolution equation y t + c  u x + uy x + yu x + γ u xxx = , t > , x ∈ R ()
is, in the dimensionless space-time variable (x, t), a model for unidirectional shallow water waves over a flat bottom. Here, y = u -α  u xx is a momentum variable, the constants α  and γ c  are squares of length scales, and c  = gh >  (where c  = ω) is the linear wave speed for undisturbed water at rest at spatial infinity, where h is the mean fluid depth and g is the gravitational constant. Dullin, Gottwald and Holm derived Eq. () by using asymptotic expansions directly in the Hamiltonian for Euler's equations in the shallow water regime in [] . Eq. () was shown to be bi-Hamiltonian and to have a Lax pair formulation. The Dullin-Gottwald-Holm equation (we call it DGH equation for short) is an integrable system via the inverse scattering transform (IST) method and contains both the Korteweg-de Vries (KdV) and Camassa-Holm (CH) equations [] as limiting cases.
Using the notation y = u -α  u xx , we can rewrite the initial value problem of Eq. Eq. () can be written as the following Hamiltonian form:
is a skew-symmetric operator and
where H (s) = h(s). We note that the functional F(u) is formally conserved. Moreover, the other conserved quantity is
One of the aims of this paper is to give the precise blow-up scenario and to show that Eq. () has blow-up solutions for g(u) = u. In addition to this, we investigate the stability of solitary wave solutions of Eq. () with h(u) = ωu + p+  u p+ and g(u) = u p .
The remainder of the paper is organized as follows. In Section , we give our basic notation and recall some required results. In Section , we investigate blow-up of solutions for Eq. (). In Section , we prove the stability of solitary wave solutions with the help of the orbital stability theory [] . http://www.boundaryvalueproblems.com/content/2013/1/226
Preliminaries
Firstly, we start by summarizing some notations.
and (·, ·) for its inner product. For the sake of simplicity, we employ the same symbol c for different positive constants. Some useful lemmas are as follows.
Here c is a constant depending only on s.
where F is a monotone increasing function depending only on F and s.
where c is a constant depending only on s.
Lemma . [] Let T >  and u ∈ C  ([, T); H  ). Then, for every t ∈ [, T), there exists at least one pair of points
ξ (t), ζ (t) ∈ R such that m(t) = inf x∈R u x (t, x) = u x t, ξ (t) , M(t) = sup x∈R u x (t, x) = u x t, ζ (t) ,
and m(t), M(t) are absolutely continuous in (, T). Moreover,
Moreover, the solution depends continuously on the initial data, i.e., the mapping
Lemma . [] Let u(t, x) be a solution of Eq. (). Then the functionals
are constant with respect to t, where H (s) = h(s).
Blow-up phenomena
In this section, we discuss the blow-up phenomena of Eq. () with g(u) = u. For Eq. (), which describes shallow water waves, the blow-up occurs only in the form of wavebreaking, i.e. the solution remains bounded but its slope becomes unbounded in finite time.
. Using this identity, we can rewrite Eq. () as follows:
or in the equivalent form:
where
. We now prove the following result.
is the existence time of the corresponding solution of initial data u  , then the H r -norm of u(t, x) to Eq. () (or ()) blows up on [, T) if and only if
by Sobolev's embedding theorem, we obtain that the solution u(t, x) will blow up in finite time.
Next, applying the operator r to Eq. (), multiplying by r u, and integrating over R,
Similar to [], using Lemma . with s = r, we get
On the other hand, we estimate the second term of the right-hand side of Eq. ()
Here, we applied Lemma . with
Thus, by Gronwall's inequality, we get
This completes the proof of Theorem ..
We have the following blow-up scenario for Eq. (). 
an invariant for Eq. (). According to the inequalities
the invariance of E(u) ensures that the solution u is uniformly bounded as long as they exist. http://www.boundaryvalueproblems.com/content/2013/1/226
If the slope of the solution u(t, x) becomes unbounded from below in finite time, then by Theorem . and Sobolev's embedding theorem, we can see that the solution u(t, x) blows up in finite time.
Next, if the slope of the solution is bounded from below in finite time, then we deduce that the solution will not blow up in finite time. Differentiating Eq. () with respect to x, in view of the identity ∂
By Young's inequality, we get
and
By Theorem . and the above inequality, we have that if the slope of the solution is bounded from below in finite time, then the solution will not blow up in finite time.
Next, we present the following blow-up result.
Theorem . Assume that h
that we can find x  ∈ R with
Then the corresponding solution to Eq. () for g(u) = u blows up in finite time. Moreover, the maximal time of existence T satisfies the inequality
by Lemma ., and let ξ (t) ∈ R be a point where this infimum is attained. From Eq. (), we have
For x = ξ (t), since u xx (t, ξ (t)) = , we arrive at
So, it follows that
where (note that A
The absolute continuity of the locally Lipschitz function m(t) allows us to perform an integration over [, t] and to have
We claim now that m(t) < -c for all t ∈ (, T), where c > √ K  is fixed arbitrarily provided that m() < -c. In fact, assuming the contrary, in view of m(t) being continuous, ensure the existence of t  ∈ (, T) such that m(t) < -c in (, t  ) and m(t  ) = c. Then we deduce that
and a contradiction appears as we take t = t  . Using (), we get Integration of this inequality yields
Since m(t) < , we obtain
In fact, as a consequence of these considerations, we obtain that the maximal existence time
An estimation from the above for T is obtained immediately, namely
The conclusion is reached by letting c → -m().
Stability of solitary waves
In this section, we discuss the stability of solitary wave solutions of Eq. 
where p > . When h(u) = ωu + p+  u p+ and g(u) = u p , the conservation law F(u) takes the form 
Otherwise, the ϕ-orbit is called unstable. In this section, we show that the stability of solitary wave solutions is determined by the convexity of the function d(c).
